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Suppose that the time series X, satisfies
Xe =0 X1+ -+ BpXe—p + €4y
1
et =&ehi, (1)
hy = ag + al€t2__1 + e aq6?__q,
where a9p > 6 >0, o; > 0fori=1,2,---,q; B;,i=1,---,p, are real numbers; p and q are
the order of the model. The sequence {&} AN (0,1) and is independent of {hs,s < ¢} for
fixed ¢. The above model is usually written as AR(p)-ARCH(q).
We consider stationary series AR(p)-ARCH(q) model and assume the stationary field is
Op. We express this statement as
Hi: a12a-2ap 1262205
and we consider an order restricted testing problem, which is to test
Hyo: ai=an=--=04 fi=fa=-=0
against H;—Hp. We derive the likelihood ratio (LR) test statistic and its asymptotic distri-
bution under Hy.
Let
¢ = (¢0)¢11' ot a¢q7¢q+11 e 1¢q+p)l = (a(hala o 7aanlv/B2y e ’/Bp),‘
For the model (1), the log-likelihood function is
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= ——Z(ln he(ze; 6) + 5= New ¢)) 2)

Now we introduce an algorithm to compute the restriction maximum likelihood estima-
tors (RMLE) under H;. Since the objective function L,(¢$) given in (2) is not convex, we
use the Successive Quadratic Programming (SQP) method.

Let

fa(9) = ~Ln(4).

We consider the following optimization problem:

rminfn(¢)a
C‘L(d)) =¢’i+1 —¢i _<_Oa 7::1,2,"‘ 1q~11Q+17 »(I+P—1,
Cq(¢) = ~¢g <0,

<
q+p(¢) ¢1 + ¢2 +- ¢q -1 0,

Covpt+1(9) =6 — ¢ <0,
(¢ €O ={d 1— o112 — pgp22® — - - Ba+, 2" #0, |2] < 1],
By using the SQP algorithm, we can obtain a vector series {A_b(k) + which converges to the
RMLE ¢* € RP+9+1 if the condition giver. i; the following Thzorem 2 holds. Because of the
parameter r and the update of R in esch iteration, ihe algorithm not only converges fast
but also guarantees to obtain a nonmegative solution (¢*). Assume that @ is the true value
of the model, we have the following theorem.

Theorem 3{Ssrong consistency of RMLE) Assume that the time series {X;} satisfies (1)
and ¢ € ©. Then RMLE ¢* is strongly consistent, that is, Pr{ lim ¢* = ¢} = 1.
n-—00

Theorem 2'J(Convergence of algorithm) Assume that the sequences {¢®}, {d®)}, {v(¥}
given in the algorithm are all bounded, and {B®)} is a positive definite matriz sequence
which is uniformly bounded, namely, there exist constants A > A > 0 such that

M'd < d'BWd < Ad'd
for all d € RPY* gnd k = 0,1,2,---. Then any cluster point ¢* of {$p()} satisfies the
Kuhn-Tucker condition of (3) when the penalizing parameter r is large enough.

We denote the non-restricted MLE by ¢ € RP+4+1, Weiss!?l proved asymptotie normality
of ({S under the fourth moment condition. Recently, Ling and McAleer® proved the same

result under second moment condition, that is,

VA —§) S N(O,I7HP), I7(@)= [1—;((1) I'?(B)] ' @

Under the second moment condition, An and Chen! proved the ergodic property of sta-
tionary AR(p)-ARCH(q). As following, we consider the strong consistency of é.
Firstly, we can obtain that for almost all w and n > n(w), the maximum point of L(¢)
must belong to
={¢:6<ag <My 0< @1+ - +¢s<1, ¢ >0,i=1,--,q,

|¢q+j| S Ml) J: 1"" )p}-
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Without loss of generality, we assume that the parameter set is ©* and attain the following

lemma.

Lemma 1([2], Theorem 2.1) Assume that the time series {X,} follows the model (1). Then
$ is the unique mazimum point of EL.(¢) for any ¢ € Oy.

Lemma 2 Suppose that the time series {X.} follows the model (1) and o € ©*. Then as

n — +00,
I, = sup|L,(¢) — EL,(¢)] — O, a.s.
¢

From Lemmas 1 and 2, and Birkhoff’s ergodic theorem, we can obtain

EL.(¢) — EL,($) — 0,  a.s. n — +00. (5)

Since for any fixed w, ¢A> are bounded for all n, any convergent subsequence of ¢, say

o = (ak,ak, .-, q,ﬁl, . ,ﬁf;)', converges to ¢* = (ag,of,---,a5,07, -+ ,0;). Since
EL,(¢) is a continuous function of ¢, we have

EL,(¢*) — EL,(¢*),  k— +co. (6)

Then by (5) and (6) and Lemma 1 we have ¢* = ¢. Such we can attain the following

theorem.
Theorem 3 Assume tha* the time seres {Xt} follows (1), and ¢ € ©*. Then
PM{ llm d=¢} =1
Cimilarly to tiie Proof of Lemma 2, we can prove the following theorem.

Theorem 4 Assume the assumptions in Theorem 3 and ¢ € ©*°, where ©*° is the interior
point set of ©*. Then as n — +oo we have

9°Ln(9) O?Ln(9)] as. .
sup - F =0, 0<i,j<p+q+1,
pco | 00:;0; 0 0¢;
L9 ?Ln(¢) 8°Ln(9) %l (9)  0%L(e)
n _ dada! oadp’ a.s. Odada!  Oadf
9604’ Lu(¢) La@) || T | o) 0%(9)
B8adp’ apop 144 0adp  0BOF dly=3

where I (d;) = [I"(()a) Iﬁ?ﬁ)] is the Fisher information matriz given by

[alt(xt;tﬁ) ) 3lt($t;¢)”
0¢ o¢’ b=

Assume that {X;} follows (1), and ¢ € ©*°, where ©*° is the interior point set of O*.
And then consider the following testing problem:

I$)2E

=¢

Ho wv.s. Hy — Hp. (N
For testing problem (7), the likelihood ratio test statistics is
maxf(ml,m2,~-- 1 Zn; @ | Fo)
A= $€H
max f(z1, 2+, 2n; ¢ | Fo)

¢€H
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and the logarithm of likelihood ratio test statistics

n
InA = Z[lt(xt; éHo) — le(ze; %)].
t=1
For the asymptotic distribution of —21n A, we get the following theorem.

Theorem 5 Let T = ~2InA. If Hy holds, then for anyt > 0,
q+p—2
lim P(T2t)= Y Pk I@)Pr{xi 21t}
k=1

n—-+400

where P(k,1(§)) is the level probability, and X% denotes a chi-square distribution with k
degrees of freedom.

In applications, ¢ is usually replaced by d; Shil%!l used this statistic for testing the ho-
mogeneity of odds ratios, and the simulation results in his paper are satisfactory. P(k, I (J)))
was called the level probability by Robertson and Wright(6l. It can be computed approx-
imately from I (q~$) and the computing methods given by Kudé!” for k& < 3. For k < 10, a
subroutine of computing the level probabilities was given by Bohrer and Chow8!, in which
a subroutine of computing the orthant probability is needed and can be foind m [9] as well.

Remark All the details of proofs of lemmas and theorers,and simuliation wiii be published
elsewhere.
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